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Abstract
In the general setting of the problem, the explicit compact formulae are derived for the pondero-
motive forces in the macroscopic electrodynamics of moving media in the Minkowski and Abraham
approaches. Taking account of the Minkowski constitutive relations and making use of a spe-
cial representation for the Abraham energy-momentum tensor enable one to obtain a compact
expression for the Abraham force in the case of arbitrary dependence of the medium velocity on
spatial coordinates and the time and for nonstationary external electromagnetic field. We term
the difference between the ponderomotive forces in the Abraham and Minkowski approaches as
the Abraham force not only under consideration of media at rest but also in the case of moving
media. The Lorentz force is found which is exerted by external electromagnetic field on the con-
duction current in a medium, the covariant Ohm law and the constitutive Minkowski relations
being taken into account. The physical argumentation is traced for definition of the 4-vector of the
ponderomotive force as the 4-divergence of the energy-momentum tensor of electromagnetic field
in a medium.
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I. INTRODUCTION
In macroscopic electrodynamics, there is no generally accepted definition of the pondero-
motive forces. Usually this problem is bound up with the definition of the energy-momentum
tensor of electromagnetic field in a medium, with presupposing the ponderomotive force be-
ing equal to the four-dimensional divergence of this tensor and with taking into account
the Maxwell equations. Up to now the use of the theoretical argumentation did not allow
one to define uniquely the energy-momentum tensor in medium. Therefore when analyzing
the ponderomotive force, the working formulae are useful which are derived by making use
of the different versions of this tensor. It is this problem that is considered in the present
paper. We derive compact 3-dimensional vector formulae for ponderomotive forces in the
case of moving media by making use of the electromagnetic energy-momentum tensor in the
Minkowski form and in the Abraham form. These tensors proposed more than one century
ago are the most popular and are often discussed [1–3]. In the framework of other approaches
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they are treated as distinctive “fulcra” (see, for example, Ref. [4]).
We do not touch the problem of determining the ‘correct’ energy-momentum tensor in
macroscopic electrodynamics and the Abraham-Minkowski controversy. There is a large
body of the literature on this subject, see, for example, the reviews [1, 2, 5–7] and references
therein.
In macroscopic electrodynamics, the important role is played by the constitutive relations
between field vectors. Only due to these relations the formal scheme of this theory acquires
the physical content [8, Sec. 39]. We shall use the constitutive relations in the form derived
by Minkowski. The values of the vectors E,H,D,B and the velocity of the medium v, v < c,
which satisfy the constitutive relations will be refereed to as the physical configuration space
Γ in contrast to the whole unrestricted configuration space Γ. In practical calculations aimed
at the obtaining of the final physical results, one assumes that the constitutive relations will
be eventually used. Therefore in deriving the formulae for the ponderomotive forces it makes
sense to take into account, aside from the Maxwell equations, the constitutive relations too.
Minkowski [9] and Abraham [10–12] proceeded just in this way. This simplifies essentially
the ultimate formulae for moving media, however the realization of this task turns out to be
rather complicated.
In the general case, the ponderomotive forces include those of two types, the Lorentz
force experienced by free charges and currents, and the forces exerted by electromagnetic
field on a medium. When deriving the Lorentz force from the divergence of the energy-
momentum tensor, the Maxwell equations are used. The remaining part of the divergence is
transformed with allowance for the constitutive equations resulting in the formulae for the
ponderomotive forces defined on Γ.
As known, in the case of a medium at rest the Abraham energy-momentum tensor gives an
additional, as compared with the Minkowski approach, term for the ponderomotive force,
the so-called Abraham force. This force is different from zero only for the external field
dependent on time. In the case of moving media the difference between the Abraham
approach and Minkowski approach turns out to be more substantial because the Abraham
energy-momentum tensor, in contrast to the Minkowski tensor, depends explicitly on the
medium velocity. For practical use, it makes sense to derive such formulae for ponderomotive
forces in which this distinction is shown clearly and the formulae themselves are simple as
much as possible. Further we shall call the difference between the ponderomotive forces in
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the Abraham and Minkowski approaches as the Abraham force both in the case of media at
rest and in the case of moving media.
The making use of a special representation for the Abraham energy-momentum tensor
on Γ, which is the most close, in structure, to the Minkowski tensor, will enable us to obtain
a compact formula for the Abraham force in the case of moving media with an arbitrary
dependence of the medium velocity on the coordinates and time and for the time dependent
external electromagnetic field.
Before beginning the calculation of the ponderomotive forces, we consider the physical
reasoning which is adduced in favour of defining these forces through the divergence of the
energy-momentum tensor of electromagnetic field in medium. In particular, it will be shown
that this argumentation is insufficient for defining this tensor uniquely.
The layout of the paper is as follows. In Sec. II, the Minkowski electrodynamics of
moving media is briefly stated. In Sec. III, the physical reasoning is retraced which leads
to the definition of the 4-vector of the ponderomotive force in terms of the divergence of
the electromagnetic energy-momentum tensor in medium. In Sec. IV, the formulae for
the ponderomotive forces are derived on Γ in the framework of the Minkowski approach.
The general setting of the problem is considered, namely, nonhomogeneous moving medium
with arbitrary dependence of its velocity on coordinates and time and the nonstationary
external electromagnetic field. In addition, the macroscopic Lorentz force is found here
which is exerted by external electromagnetic field on the conduction current in a medium,
the covariant Ohm law and the constitutive Minkowski relations being taken into account.
In Sec. V the different representations of the Abraham energy-momentum tensor on Γ are
discussed. In Sec. VI the formulae are derived for the ponderomotive forces in the Abraham
approach. For that a special representation of the Abraham tensor is employed which is
the most close, according to its structure, to the Minkowski energy-momentum tensor on
Γ. In Conclusion (Sec. VII) the obtained results are briefly summarized. In Appendix A
in the framework of the electrodynamics in vacuum, the interrelation is traced between
the ponderomotive forces (in the present case between the Lorentz force) and the energy-
momentum tensor of electromagnetic field in vacuum. In Appendix B, the explicit formula
is derived for the vector W the making use of which enables one to represent, in a compact
form, the ultimate formulae for the ponderomotive forces on Γ.
We use the following notations. The coordinates xα in the Minkowski space have a pure
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imaginary time component: xα = (x1, x2, x3, x4 = ict) = (x, ict). The Greek indices take val-
ues 1, 2, 3, 4, whereas the Latin indices assume the values x, y, z or 1, 2, 3; the summation over
the repeated indexes is understood in respective range. The unrationalized Gaussian units
are used for the electromagnetic field and the notations generally accepted in macroscopic
electrodynamics [13] are adopted.
II. MINKOWSKI MACROSCOPIC ELECTRODYNAMICS OF MOVING MEDIA
We shall consider the electromagnetic field in a material media in the framework of
the Minkowski phenomenological electrodynamics [8, Secs. 33–35]. Here we give the basic
equations defining this theory. The electromagnetic field in a medium is described by the
macroscopic Maxwell equations
rotE+
1
c
∂B
∂t
= 0, divB = 0 , (2.1)
rotH−
1
c
∂D
∂t
=
4pi
c
j , divD = 4piρ . (2.2)
In a covariant form these equations read
∂Fαβ
∂xγ
+
∂Fβγ
∂xα
+
∂Fγα
∂xβ
= 0 , (2.3)
∂Hαβ
∂xβ
=
4pi
c
jα . (2.4)
Here Fαβ and Hαβ are two antisymmetric tensors introduced by Minkowski [8, Sec. 33], [13,
§ 76],
Fij = εijkBk, F4j = −Fj4 = iEj ; (2.5)
Hij = εijkHk, H4j = −Hj4 = iDj . (2.6)
It is convenient to represent Eqs. (2.5) and (2.6) in a short notation, explicitly indicating the
3-dimensional vectors, which define the components of the antisymmetric tensors [9, 14, 15]:
Fαβ(B;−iE), Hαβ(H;−iD) . (2.7)
In the general case, the current density in nonhomogeneous Maxwell equations (2.2), (2.4)
jα = (j, icρ) (2.8)
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is the sum of two terms, the density of the conduction current and the density of convection
current (see Eq. (2.22) and further). The total current density jα satisfies the continuity
equation
div j +
∂ρ
∂t
≡
∂jα
∂xα
= 0 , (2.9)
which entails the conservation of the charge. Equation (2.9) is the consistency condition of
the Maxwell equations (2.2), (2.4).
The Maxwell equations (2.1)–(2.4) and continuity equation (2.9) constitute a formal
mathematical scheme, which is not filled with the physical content yet. Indeed, the number
of these equations in the material medium and in vacuum is the same, whereas the number
of the field functions in a medium is two times as large as compared with vacuum. Further,
the equations in question do not contain the material characteristics of medium. These
problems are removed by introducing the constitutive relations which play an important
role in macroscopic electrodynamics.
We shall consider a linear isotropic medium without temporal and spatial dispersion with
the constitutive relations
D = εE, B = µH (2.10)
(medium at rest). In order to generalize (2.10) to moving medium, Minkowski introduced
the Lorentz vectors Eα, Dα which in the co-moving reference frame, K
′, where the medium
is at rest (v′ = 0), have the components
E ′α = (E
′, 0), D′α = (D
′, 0), H ′α = (H
′, 0), B′α = (B
′, 0) . (2.11)
The prime implies that the respective quantity is considered in the co-moving frame. Ob-
viously conditions (2.11) determine the vectors Eα, Dα and Hα, Bα uniquely. Minkowski [9]
constructed for these vectors the explicit formulae (see also [5, 15, 16])
Eα = Fαβuβ = γ{E+ [qB], i(qE)} , Dα = Hαβuβ = γ{D+ [qH], i(qD)} , (2.12)
Hα = −iH
∗
αβuβ = γ{H− [qD], i(qH)} , Bα = −iF
∗
αβuβ = γ{B− [qE], i(qB)}. (2.13)
Here uα is the 4-velocity of the medium
uα = γ{q, i}, q = v/c, γ
−1 =
√
1− q2, uαuα = −1, α = 1, 2, 3, 4 , (2.14)
and F ∗αβ and H
∗
αβ are the tensors which are dual to the tensors Fαβ and Hαβ respectively:
F ∗αβ =
1
2
εαβγδFγδ, H
∗
αβ =
1
2
εαβγδHγδ, ε1 2 3 4 = +1 . (2.15)
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By making use of notation (2.7), we can write
− iF ∗αβ(−E;−iB); −iH
∗
αβ(−D;−iH) . (2.16)
From definitions (2.12) and (2.13) it follows that the vectors Eα, Dα and Hα, Bα are or-
thogonal to the medium velocity uα
Eαuα = 0, Dαuα = 0, Hαuα = 0, Bαuα = 0 (2.17)
and at q = 0 satisfy condition (2.11). In the covariant form the constitutive relations (2.10)
are written as
Dα = εEα , (2.18)
Bα = µHα (2.19)
or in the 3-dimensional vector notation [8, Sec. 33], [13, § 76]
D+ [qH] = ε (E+ [qB]) , (2.20)
B− [qE] = µ (H− [qD]) . (2.21)
As noted in Introduction, the values of the field variables E, H, D, B and the velocity of
a medium1 v, v < c, which satisfy the constitutive Minkowski relations (2.18)–(2.21), will
be referred to as the physical configuration space Γ [3].
The material relation for the current density (2.8) is derived in a similar way [9]. As noted
above, in the general case the current density jµ is the sum of the density of conduction
current and the density of convection current,
jµ = j
cond
µ + j
conv
µ . (2.22)
In the co-moving frame K ′, where the medium is at rest (v = 0), these densities, by defini-
tion, have the components [17, § 60]
(j condµ )
′ = (j′cond, 0) , (2.23)
(j convµ )
′ = (0, icρ′conv) . (2.24)
1 We do not consider the case when the medium velocity v is equal to the phase velocity of light in the
given medium, v2 = c2/(εµ). For this value of v the equations (2.20) and (2.21) cannot be resolved with
respect to D and B (see [8, Sec. 33]).
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For simplicity, we introduce the notation [17, 18]
j ′cond = j
0, ρ′conv = ρ
0. (2.25)
In the rest frame, we have for the total current (2.22)
j ′µ = (j
cond
µ )
′ + (jconvµ )
′ = (j 0, icρ 0) . (2.26)
By making use of the Lorentz transformations the total current (2.22), in an arbitrary
inertial reference frame K, can be found through its components (2.26) in the rest frame.
We accomplish this transformation separately for the conduction current (2.23) and for the
convection current (2.24). In the first case we have
j condµ = (j cond, icρcond) , (2.27)
where
j cond = j
0 +
v
v2
(γ − 1)(vj 0) , (2.28)
cρcond =
γ
c
(vj 0) =
1
c
(vj cond) . (2.29)
Here we have employed the Lorentz transformation for the case, when the velocity v of
the co-moving frame K ′ relative to the inertial reference frame K has arbitrary orientation
[19], [8, Sec. 4], [20], [5, Chap. IV]. The spatial coordinate axes in K and K ′ are parallel.
Taking into account the explicit form of the conduction current j cond (2.28), one can easily
be convinced that in Eq. (2.29) the product γj 0 may be substituted by j cond.
Application of the Lorentz transformation specified above to the 4-vector (2.24) yields
j convµ = γ
(
cρ0
v
c
, icρ 0
)
= (ρ convv, icρ conv) = cρ
0uµ , (2.30)
where ρ conv = γρ
0 is the density of the convection charge in an arbitrary inertial reference
frame, ρ convv = j conv is the density of the convection current in this system, and uµ is the
4-velocity of the medium (2.14). Multiplying (2.30) by uµ, we obtain
uµj
conv
µ = −cρ
0 . (2.31)
On account of condition (2.23) the conduction current is orthogonal to the 4-velocity of the
medium
uµj
conv
µ = 0 , (2.32)
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therefore the convection current in Eq. (2.31) can be substituted by the total current
uµjµ = −ρ
0 . (2.33)
Now Eq. (2.30) for convection current can be rewritten in the following way
j convµ = −(uνjν)uµ . (2.34)
Substituting (2.34) in (2.22), we obtain
j condµ = jµ − j
cond
µ = jµ + (uνjν)uµ . (2.35)
Obviously the conduction current defined in this way satisfies condition (2.23).
The derived formulae enable us to deduce the material relation for current [9]. In the
co-moving frame the Ohm law reads
j ′cond = λE
′, (2.36)
where λ is the conductivity of the medium.
Evidently, the covariant extension of this formula is given by
j condµ = λEµ , (2.37)
where the Lorentz vector Eµ is defined in (2.12).
Using Eqs. (2.12) and (2.23) one can easily check that in the rest frame K ′ Eq. (2.37)
assumes the form (2.36). The covariant Ohm law (2.37) can be rewritten by making use of
only the total current (2.35)
jµ + (jνuν)uµ = λEµ . (2.38)
Substituting in Eq. (2.37) the explicit expression for the Lorentz vector Eµ, we obtain
j condµ = (j cond, icρcond) = λEµ
= λγ{E+ [qB], i(qE)} , (2.39)
j cond = λγ(E+ [qB]) , (2.40)
cρcond = λγ(qE) = (qj cond) . (2.41)
Equation (2.41) was derived previously by making use of the Lorentz transformation (see
Eq. (2.29)).
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In the sequel we shall also use the covariant generalization of the 3-dimensional Poynting
vector
SP =
c
4pi
[EH] . (2.42)
This generalization was constructed by Minkowski [9, pp. 34,35] with the name Ruh-
strahlvektor
Ωµ = −iεµαβγEαHβuγ . (2.43)
One can easily be convinced that in the co-moving reference frame, where uα = (0, 0, 0, i),
the vector (2.43) has the components
Ω′µ = ([E
′H′], 0) . (2.44)
For simplicity we shall call the vector Ωµ by Minkowski vector.
We shall also use the 4-vector Ω˜µ, which is obtained from the Minkowski vector Ωµ (2.43)
by the substitution
E→ D, H→ B, D→ E, B→ H . (2.45)
On the analogy of (2.43) the vector Ω˜µ is defined by the formula
Ω˜µ = −iεµαβγDαBβuγ . (2.46)
In the co-moving reference frame the 4-vector Ω˜µ has the components
Ω˜′µ = ([D
′B′], 0) . (2.47)
Obviously the vectors Ωµ and Ω˜µ satisfy the condition
Ωµuµ = 0, Ω˜µuµ = 0 . (2.48)
Closing this Section, one can say briefly that the constitutive relations take into account
the influence of the media on the electromagnetic field.2 In order to be complete, the
macroscopic electrodynamics should be able to predict the action of the external field on
the media, because the electromagnetic field itself is manifested, on the physical level, only
through this action, or more precisely through ponderomotive forces, which are experienced
by charges, currents, and media.3
2 Media play the role of a given “background” for the dynamics of electromagnetic field, i.e., it is supposed
that the material characteristics of the media, ε and µ, do not depend on the external electromagnetic
field. This specifies, in particular, the range of applicability of the macroscopic electrodynamics, namely,
external fields should be much less than the intermolecular fields which determine the electric and magnetic
characteristics of media, ε and µ. If such dependence is allowed, then it implies that the medium under
consideration is nonlinear.
3 It is convenient for us to single out macroscopic charges and currents from the material medium.
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III. PONDEROMOTIVE FORCES AND THE ENERGY-MOMENTUM TENSOR
In macroscopic electrodynamics [13], it is generally accepted the point of view, formulated
first by Lorentz, according to which the macroscopic equations of electromagnetic field inside
a medium should be obtained as a result of the averaging, over the physically infinitesimal
volume, of the corresponding microscopic equations in vacuum with allowance for the point-
like charges and currents forming a medium. In this approach, all macroscopic forces which
are exerted by external electromagnetic field on macroscopic charges and currents, are the
result of averaging of the microscopic Lorentz forces acting in vacuum on microscopic charges
ρmicro and jmicro:
f Lmicro = ρmicroe +
1
c
[jmicroh] . (3.1)
A line just above the letter denotes the aforesaid averaging; e and h are the strengthes of
microscopic electric and magnetic fields, respectively. Microscopic fields include intermolec-
ular fields and external field. The microscopic charges and currents are usually divided into
bound and free. It is natural to carry out this separation in the rest frame K ′:
ρ′micro = ρ
′
free + ρ
′
b , (3.2)
j ′micro = j
′
free + j
′
b . (3.3)
The averaging in Eqs. (3.2) and (3.3) yields evidently the following result:
ρ′micro = ρ
′
free + ρ
′
b = 0 + ρ
′
conv = ρ
0 , (3.4)
j ′micro = j
′
free + j
′
b = j
′
free + 0 = j
′
cond = j
0 , (3.5)
where the quantities ρ 0 and j 0 were introduced before in defining the macroscopic convection
current j convµ and macroscopic conduction current j
cond
µ (see Eqs. (2.22)–(2.26)).
Let us assume further that the separate multipliers in Eq. (3.1) can be averaged indepen-
dently.4 Taking into account definitions e = E, h = B and Eqs. (3.4), (3.5), we obtain only
the macroscopic Lorentz force applied to macroscopic charges and currents in the co-moving
frame
(f Lmacro)
′ = (f Lmicro)
′ = ρ 0E′ +
1
c
[j0B′] . (3.6)
4 This averaging does not pretend to a completeness and rigorous consideration being illustrative only.
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The covariant generalization of the macroscopic Lorentz force (3.6) is apparently given by
(f Lα )macro =
1
c
Fαβjβ = {ρE+
1
c
[jB], i(qE)} , (3.7)
where the current jα = {j, icρ} is the sum of the convection current and conduction current
(see Eqs. (2.22), (2.27), (2.30)).
At the end of Sec. IV, the macroscopic Lorentz force will be derived separately for the
convection current and for the conduction current; in the latter case we will take into account
the covariant generalization of the Ohm law (2.37) and Minkowski constitutive relations.
Thus the simple “naive” averaging of the microscopic Lorentz forces does not grasp the
mechanical forces exerted by external electromagnetic field on the medium. More sophis-
ticated averaging procedures require specification of the microscopic (molecular or atomic)
structure of the medium and the results of such averaging turn out to be dependent on the
chosen microscopic model (see, for example, [5]).
Taking into account all of this, one has to follow indirect way.
When the dielectric5 is placed in an external electrostatic field E, the volume density of
the respective ponderomotive forces f (e) is given by the formula [21–23]
f
(e)
stat = ρE−
1
8pi
E2∇ε +
1
8pi
∇
(
E2
∂ε
∂τ
τ
)
, (3.8)
where ρ is the macroscopic charge density (see the second equation in (2.2)), τ is the medium
density. This formula is derived by calculating the work accomplished by the electromagnetic
field in dielectric by virtual displacement of the medium [21–23].
Fully similar one can derive the ponderomotive force exerted by the static magnetic field
on the magnetic [21–23]
f
(m)
stat =
1
c
[jB]−
1
8pi
H2∇µ+
1
8pi
∇
(
H2
∂µ
∂τ
τ
)
. (3.9)
Here j is the macroscopic current density (see the first equation in (2.2)).
The last terms in Eqs. (3.8) and (3.9) are the volume densities of electric striction and
magnetic striction forces, that do not contribute to the net force applied to a macroscopic
body. Therefore we will disregard striction forces in what follows and assume that the
volume density of the ponderomotive force for static field is defined by
fstat = f
(e)
stat + f
(m)
stat = ρE+
1
c
[jB]−
1
8pi
E2∇ε−
1
8pi
H2∇µ . (3.10)
5 Until the end of this Section, the medium is considered to be at rest.
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The first two terms on the right hand side of Eq. (3.10) is the macroscopic Lorentz force
(3.7), exerted on charges and currents. The last two terms on the right hand side of (3.10)
define the ponderomotive forces which are exerted by external electrostatic field E and by
external magnetic field H on the medium. Ultimately we are interested just in these forces,
but in intermediate calculations it is convenient for us to retain in (3.10) the Lorentz force
(3.7) too.
In the textbooks [21–23] it is proved that the ponderomotive force (3.10) caused by static
electromagnetic field can be reduced to the Maxwell tensions
fstat = σ, σ = (σ1, σ2, σ3), σi ≡
∂σik
∂xk
, (3.11)
where σik is the Maxwell stress tensor of electromagnetic field in medium
4piσik = EiDk +HiBk −
δik
2
(ED+HB) . (3.12)
In order to verify Eq. (3.11), one has to substitute Eq. (3.12) in (3.11), take into account
the Maxwell equations (2.1)–(2.2) with D˙ = 0, B˙ = 0, and make use of the constitutive
equations (2.10). As a result Eq. (3.11) reduces to (3.10).
A consistent, physically motivated derivation of the formula for ponderomotive forces
in macroscopic electrodynamics is restricted to the static external fields. To extend the
obtained expression to the case of time dependent fields and cast it into explicitly covariant
form one has to resort to some assumptions and use the analogy with electrodynamics in
vacuum.6
Following this way, we assume preliminary that the density of ponderomotive force, f ,
equals σ also in the case of time-dependent external electromagnetic field. We substitute
again (3.12) into (3.11) and take advantage of the complete Maxwell equations (2.1)–(2.2)
and the constitutive relations (2.10). This yields
f = σ = ρE+
1
c
[jB]−
1
8pi
E2∇ε−
1
8pi
H2∇µ+
∂
∂t
(
1
4pic
[DB]
)
. (3.13)
The obtained formula contains an additional, in comparison with (3.10), term
∂
∂t
(
1
4pic
[DB]
)
(3.14)
6 Difficulties emerged in deriving the ponderomotive forces exerted on a medium and caused by time-
dependent external electromagnetic field are substantiated. The point is the static electric and magnetic
fields can be, in principle, treated proceeding from the conception of action at a distance (instantaneous
transmission of interaction). In contrast to this, the time-dependent fields result in a finite velocity of
propagation of electromagnetic interaction. Here the idea of a short-range interaction is adopted, which
is based on the notion of a field playing the role of a physical carrier of interaction.
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caused by the time-dependence of electromagnetic field. In the case of vacuum the right-hand
side of (3.13) should obviously contain only the Lorentz force (3.6).
It is instructive to retrace in what way the additional term (3.14) vanishes in vacuum. In
this case formula (3.14) acquires the form
∂
∂t
(
1
4pic
[EH]
)
. (3.15)
In order to elucidate this question we take advantage of the following statement which is
proved in electrodynamics in vacuum (see the Appendix A and also [8, § 30], [14, § 33], [24]):
the Lorentz force (3.6), exerted on charges and currents in vacuum, can be represented in
the following form:
fLvac = σvac − g˙vac . (3.16)
Here σvac is σ calculated in vacuum, i.e., setting D = E and B = H (see Eqs. (3.11), (3.12)),
and gvac is the momentum density of electromagnetic field in vacuum
gvac =
1
4pic
[EH] . (3.17)
When calculating the right-hand side of Eq. (3.16), the complete Maxwell equations in
vacuum (2.1)–(2.2) should be taken into account (see the Appendix A).
In view of all this, the volume density of ponderomotive force, Eq. (3.13), exerted by the
time-dependent external electromagnetic field on a medium, is generalized in the following
way:
f = σ − g˙ , (3.18)
where g is the linear momentum density of electromagnetic field in medium.
Unfortunately there is no generally accepted expression for the electromagnetic momen-
tum density in a medium g. In this field, fruitless argument is already going on more a
century. In most cases, the attention is payed to the definitions of g proposed by Minkowski
and by Abraham in their time [8, Sec. 35]. It is these versions that will be considered in the
present paper.
IV. PONDEROMOTIVE FORCES IN THE MINKOWSKI APPROACH
Minkowski [9] defined electromagnetic momentum density in a medium by the formula
gM =
1
4pic
[DB] . (4.1)
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This choice leads, in particular, to cancellation of the additional term (3.14) in Eq. (3.18). As
a result, Eq. (3.18) defining the ponderomotive force density in the case of time-dependent
electromagnetic field, coincides, after expanding σ and g˙, with (3.10) which defines this
force for static external field
fM
∣∣
v=0
= σ − g˙M (4.2)
= ρE+
1
c
[jB]−
1
8pi
E2∇ε−
1
8pi
H2∇µ = fstat . (4.3)
It will be recalled that a medium at rest is considered and in deriving Eq. (4.3) constitutive
relations (2.10) have been used. Hence Eq. (4.3) is defined on Γ.
In order to recast Eq. (4.2) into covariant form one has obviously to extend the Maxwell
3-dimensional stress tensor (3.12) to the 4-dimensional stress-energy-momentum tensor.
Minkowski [9] defined the energy-momentum tensor of electromagnetic field in a medium in
the following form:
TMαβ =
1
4pi
(
FαγHγβ −
δαβ
4
FγνHνγ
)
. (4.4)
By analogy with electrodynamics in vacuum (see Eq. (A4)), formula (4.2), in a covariant
form, is written as
fMµ =
∂TMµν
∂xν
. (4.5)
The individual components of the tensor TMαβ, defined in (4.4), are given by the formulae
T Mαβ =

 σMij −ic gM
− ic S
M wM

 , (4.6)
where
σMij =
1
4pi
{
EiDj +HiBj −
δij
2
(ED+HB)
}
, (4.7)
1
c
SM =
1
c
SP =
1
4pi
[EH] , cgM =
1
4pi
[DB] , (4.8)
wM =
1
8pi
(ED+HB) . (4.9)
The Minkowski stress tensor (4.7) coincides with the Maxwell expression (4.7), the density of
the energy current in the Minkowski energy-momentum tensor (4.8) is given by the Poynting
vector SP (see Eq. (2.42)), and the momentum density gM in (4.8) reproduces Eq. (4.1).
By definition, Eq. (4.4) determines the Minkowski energy-momentum tensor both for
media at rest and for moving media. The velocity of a medium, v, does not enter into Eq.
(4.4). The Minkowski tensor (4.4) is not symmetric TMαβ 6= T
M
βα, its trace vanishes T
M
αα = 0.
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Now we turn to calculating the explicit covariant formula for ponderomotive force by
making use of the covariant formula (4.5). For simplicity sake we introduce the notation
∂ϕ
∂xν
≡ ϕ,ν . (4.10)
On substituting (4.4) into (4.5), we get
4piTMαβ,β = Fαγ,βHγβ + FαγHγβ,β −
δαβ
4
(FγνHνγ),β
= Fαγ,βHγβ +
4pi
c
Fαγjγ −
1
4
(FγνHνγ),α . (4.11)
Here we have taken advantage of nonhomogeneous Maxwell equations (2.4). Further we
transform the first term on the right-hand side in the last equality in (4.11)
Fαγ,βHγβ =
1
2
(Fαγ,βHγβ + Fαβ,γHβγ)
= −
1
2
(Fγα,β + Fαβ,γ)Hγβ =
1
2
Fβγ,αHγβ . (4.12)
When deriving the last equality in (4.12) we have used the homogeneous Maxwell equations
(2.3). The substitution of (2.3) into (4.11) yields
4piTMαβ,β =
4pi
c
Fαγjγ +
1
2
(FβγHγβ),α −
1
2
FβγHγβ,α −
1
4
(FγνHνγ),α
=
4pi
c
Fαγjγ +
1
4
(FβγHγβ),α −
1
2
FβγHγβ,α
=
4pi
c
Fαγjγ +
1
4
(Fβγ,αHγβ − FβγHγβ,α) . (4.13)
In another way formula (4.13) was derived in Ref. [9, p. 43].
Now we transform the expression in round brackets on the right-hand side of Eq. (4.13)
by making use of the Minkowski constitutive relations (2.18), (2.19), i.e., on Γ. The defi-
nitions (2.12) and (2.13) can be inverted, expressing the tensors Fµν , and Hµν in terms of
Eµ, Bµ, Dµ, Hµ and uµ:
Fµν = uµEν − uνEµ + iεµνγρuγBρ , (4.14)
Hµν = uµDν − uνDµ + iεµνγρuγHρ . (4.15)
These relations can be easily checked in the co-moving reference frame K ′, where u′γ =
(0, 0, 0, i), and by virtue of their covariance they are valid in an arbitrary inertial reference
frame K.
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In (4.14) and (4.15) we take into account the constitutive relations (2.18) and (2.19)
Fµν = uµEν − uνEµ + iµεµνγρuγHρ
= Eµν + iµHµν , (4.16)
Hµν = ε(uµEν − uνEµ) + iεµνγρuγHρ
= εEµν + iHµν . (4.17)
Here the notations are introduced
Eµν = −Eνµ = uµEν − uνEµ, EµνEνµ = 2E
2
ν ,
Hµν = −Hνµ = εµνγρuγHρ, HµνHνµ = 2H
2
ρ , EµνHνµ = 0 . (4.18)
On substituting (4.16) and (4.17) into expression in round brackets in Eq. (4.13) we get
Fβγ,αHγβ − FβγHγβ,α =
= (Eβγ + iµHβγ),α(εEγβ + iHγβ)− (Eβγ + iµHβγ)(εEγβ + iHγβ),α =
= −ε,αEγβEβγ − µ,αHγβHβγ +Nα = −2ε,αE
2
ν − 2µ,αH
2
ρ +Nα , (4.19)
where the vector Nα is
Nα = i(εµ− 1)(EβγHγβ,α − Eβγ,αHγβ) . (4.20)
Obviously Nα = 0 if the velocity uβ is the same at any points of a medium, i.e., uβ,α = 0.
Indeed, in this case the velocity uβ in (4.20) can be taken out of the differentiation sign and
each term will contain the multiplier εµνρσuνuρ . . . which vanishes.
Now let the medium velocity be varying in space and in time. In this case a nonvanishing
contribution to (4.20) arises only when the differentiation operator ∂α acts on the medium
velocity but not on the vectors Eν and Hµ (see definitions of Eµν and Hµν in (4.18)). Taking
into account all this, one finds easily
EβγHγβ,α = −2 i Ωνuν,α, Eβγ,αHγβ = −2 i Ωνuν,α , (4.21)
where Ων is the Minkowski vector (2.43). Substitution of (4.21) into (4.20) gives
Nα = 4(εµ− 1)Ωνuν,α . (4.22)
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Further simplification of Eq. (4.22) can be achieved by expressing its right-hand side in
terms of spatial components of the vectors Ων and uν by making use of Eqs. (2.14) and
(2.48). To this end we introduce the 3-dimensional vector W through the equality [3]
(εµ− 1) Ωα =
(
W
γ
,
i
γ
(qW)
)
. (4.23)
In this definition the factor γ−1 is introduced which is canceled in subsequent equations
where (εµ− 1)Ωα is multiplied by uβ. Now Eq. (4.22) assumes the form
Nα = 4 (Wq,α) . (4.24)
On the physical configuration space Γ, the vector W is given by (see the Appendix B)
W = [DB]− [EH] + γ2q(q, [DB]− [EH]) . (4.25)
It is worth noting that the medium characteristics ε and µ do not enter into this formula
explicitly. Substituting (4.19) and (4.24) in (4.13), we obtain on Γ the final compact formula
for the ponderomotive forces in the Minkowski approach
fMα ≡ T
M
αβ,β =
1
c
Fαγjγ −
1
8pi
(
ε,αE
2
ν + µ,αH
2
ν − 2(Wq,α)
)
, (4.26)
where the Lorentz vectors Eν and Hν are defined in (2.12) and (2.13).
Let us write down separately the spatial and temporal components of the 4-force fMα
defined in (4.26),
fM = ρE+
1
c
[jB]−
1
8pi
(
E2ν∇ε +H
2
ν∇µ− 2(Wi∇qi)
)
, (4.27)
c
i
fM4 = (jE) +
1
8pi
(
ε˙E2ν + µ˙H
2
ν − 2(Wq˙)
)
. (4.28)
Differentiation with respect to time in (4.28) is denoted, as before, by a dot. If the medium
is at rest (v = 0), then the force fM is converted into Eq. (4.3), which in turn coincides with
Eq. (3.10) for the ponderomotive force exerted by a static external electromagnetic field.
Let us note the peculiarities of the obtained expression (4.27) for the ponderomotive forces
exerted on the medium in the Minkowski approach.
• This formula does not contain the derivatives of the field vectors E, H, D, and B.
• If the medium is homogeneous (ε,k = 0, µ,k = 0) and its velocity is the same at all
medium points (q,k = 0), then the ponderomotive force vanishes.
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It should be emphasized that we succeeded in revealing these features of the force f M
just because the calculation was carried out on the physical configuration space Γ.
To make presentation complete, we write down, in an explicit form, the Lorentz force (the
first term on the right-hand side of Eq. (4.26)) for special cases when there is only convection
current (the respective Lorentz force is f convα ) or only the conduction current (the Lorentz
force is f condα ).
In the first case, with allowance for Eq. (2.30), we obtain
f convα =
1
c
Fαγj
conv
γ = ρ
0Fαγuγ = ρ
0Eα , (4.29)
where ρ0 is the density of convection charges in the co-moving reference frame (2.24), (2.25).
In deriving the Lorentz force experienced by the conduction current we take first into
account the covariant Ohm law (2.37)
f condα =
1
c
Fαβj
cond
β =
λ
c
FαβEβ . (4.30)
And now we take advantage of the representation (4.16) for the tensor Fαβ , which holds
on Γ,
f condα =
λ
c
(uαEβ − uβEα)Eβ + iµ
λ
c
εαβγδuγHδEβ
=
λ
c
uαE
2
γ + µ
λ
c
Ωα , (4.31)
where Ωα is the Minkowski vector (2.43). In the rest frame we have
(f cond)′ = µ
λ
c
[E′H′], (f cond4 )
′ = i
λ
c
E′
2
. (4.32)
V. DIFFERENTREPRESENTATIONS OF THEABRAHAM ENERGY-MOMENTUM
TENSOR
The calculation of the ponderomotive forces in the framework of the Abraham approach
is simplified essentially if a special representation of the Abraham energy-momentum tensor
is employed. Let us consider briefly different representations for this tensor [3].
Abraham was guided by the symmetry requirement imposed on the energy-momentum
tensor in a medium. He has constructed his tensor taking into account the Minkowski
constitutive relations, i.e., on Γ [10–12].
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Considerably later the explicitly covariant representation for the symmetric energy-
momentum tensor was found which holds on the whole configuration space Γ [25], [5], [6, 7],
[3]. The equivalence on Γ of the covariant representation and the original 3-dimensional
Abraham formulae was proved in Ref. [3].
Here we derive the original Abraham formulae, which will be used further, proceeding
from the covariant representation for the energy-momentum tensor. The Abraham derivation
of the energy-momentum tensor is traced in detail in Ref. [3].
The explicitly covariant symmetric energy-momentum tensor of electromagnetic field in
a medium T symαβ is defined by the formulae [3]:
T symαβ =
1
2
(T Mαβ + T
M
βα) + Aαβ , (5.1)
where
Aαβ = Aβα =
1
8pi
{uα(Ω˜β − Ωβ) + uβ(Ω˜α − Ωα)} (5.2)
=
1
8pi
{uα(FβνHνλuλ −HβνFνλuλ) + uβ(FανHνλuλ −HανFνλuλ)} . (5.3)
Here Ωα and Ω˜β are the Minkowski vectors (2.43) and (2.46), respectively. By making use
of the values of these vectors in the co-moving reference frame K ′ (Eqs. (2.44) and (2.47))
one can easily show that the tensor (5.1)
T symαβ =

 σ symij −ic g sym
− ic S
sym wsym

 (5.4)
in K ′ has the components
σ′ij =
1
2
(
σ′Mij + σ
′M
ji
)
, (5.5)
1
c
S′ sym = cg′
sym
=
1
c
S′P =
1
4pi
[E′H′] , (5.6)
w′ sym = w′M =
1
8pi
(E′D′ +H′B′) . (5.7)
It will be recalled that we mark by prime the quantities in the co-moving reference frame K ′.
Conditions (5.5)–(5.7) are satisfied without invoking constitutive relations (2.10). It is this
point that distinguish the tensor (5.1) from the energy-momentum tensor constructed by
Abraham (see further and Ref. [3]). Conditions (5.5)–(5.7) specify the tensor T symαβ uniquely.
Equations (5.1)–(5.3) were derived in our paper [3] by generalization of the Abraham
reasoning. Now, going in the opposite direction, we show how to obtain the Abraham
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formulae proceeding from the covariant representation (5.1)–(5.3). In this consideration Eq.
(5.2) plays a key role (this formula was derived in Ref. [3]).
The tensor T symαβ (5.1) is defined on the whole configuration space Γ while Abraham has
derived his formulae with allowance for the constitutive relations, i.e., on Γ. Thus we have
to take into account the Minkowski material relations (2.18), (2.19) in Eqs. (5.1)–(5.3). It is
worth noting that Abraham used the Minkowski constitutive relations specifically. Namely,
they were not employed to express one pair of field vectors E, H, D, and B in terms of the
rest pair, but a special formulae were used which contain all the vectors E, H, D, B, v, and
the material characteristics of the medium ε and µ, these formulae being valid only under
fulfilment of the Minkowski constitutive relations, i.e., on Γ. An important example of such
formulae is the equality (B1), proved in the Appendix B, and the following relations which
is also valid on Γ:
Ω˜α − Ωα = (εµ− 1) Ωα . (5.8)
Equation (5.8) can be easily derived if we substitute in the definition of Ω˜α (Eq. (2.46))
the constitutive relations in the form (2.18), (2.19) and take into account the definition of
Ωα in Eq. (2.43). As a result the tensor (5.1), (5.2) reduces on Γ to the Abraham energy-
momentum tensor [3]:
T A1αβ =
1
2
(T Mαβ + T
M
αβ) +
εµ− 1
8pi
(uαΩβ − uβΩα) . (5.9)
The Abraham tensor TA1αβ in the co-moving reference frame K
′ satisfies conditions (5.5)–
(5.7) only if the constitutive relations (2.10) are met, i.e., on Γ. Therefore these conditions
do not fix this tensor uniquely and it can be represented on Γ in different forms. To show
this we take advantage of the equality (B1), proved in Appendix B. Let us write down the
tensor T A1αβ and the equality (B1), multiplied by 1/2, on the neighbouring lines:
4piT A1αβ =
1
2
FαγHγβ +
1
2
FβγHγα −
1
4
δαβFγδHδγ +
εµ− 1
2
(uαΩβ + uβΩα) , (5.10)
0 =
1
2
FαγHγβ −
1
2
FβγHγα −
εµ− 1
2
(uαΩβ − uβΩα) . (5.11)
Adding and subtracting the left-hand sides and the right-hand sides of these equations we
obtain on Γ :
T A1αβ = T
A2
αβ = T
A3
αβ , (5.12)
21
where
T A2αβ = T
M
αβ +
εµ− 1
4pi
uβΩα , (5.13)
T A3αβ = T
M
βα +
εµ− 1
4pi
uαΩβ . (5.14)
Following in this way, one can also obtain other representations for the Abraham energy-
momentum tensor on Γ [3]. The introduction of the vector W (Eq. (4.25)) through the sub-
stitution (4.23) removes the explicit dependence on εµ in tensors T Aiαβ , i = 1, 2, 3. By making
use of the vector W, Abraham derived explicit formulae, in terms of the 3-dimensional vec-
tors, for all the components of the tensors (5.9) and (5.13) (see respectively Refs. [12] and
[10] as well as our paper [3]). However we shall not use these 3-dimensional vector formulae
further. In calculation of the ponderomotive forces in the Abraham approach we will employ
Eq. (5.13).
It is worthy to note that Eqs. (5.9), (5.13), and (5.14) for the Abraham tensor were
constructed by Grammel [26]. Possibility of representing the Abraham tensor in different
forms, not all of them being explicitly symmetric (see Eqs. (5.13) and (5.14)), is explained
by a restricted domain of their validity, namely, they hold only on Γ.
VI. PONDEROMOTIVE FORCES IN THE ABRAHAM APPROACH
At the outset we envisage the medium at rest and take advantage of Eq. (3.18). Following
the requirement of the symmetry of the energy-momentum tensor, Abraham defined (in fact
postulated) the momentum density of electromagnetic field in a medium in the form
gA =
1
4pic
[EH] (6.1)
(see Eq. (5.6)). As a result, the additional term (3.14) in Eq. (3.18) is not canceled and we
get
fA|v=0 = σ − g˙
A
= fM|v=0 +
1
4pic
∂
∂t
([DB]− [EH]) . (6.2)
The last term in this formula is the Abraham force [13, § 75]. We introduce a special notation
for this term
∆fA|v=0 =
1
4pic
∂
∂t
([DB]− [EH]) , (6.3)
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in oder to distinguish this force from the total ponderomotive force fA in the Abraham
approach.
Now we turn to the derivation of the covariant formula for the ponderomotive 4-force in
the Abraham approach in the case of moving medium. Abraham, just as Minkowski, lets
the ponderomotive force to be equal to the divergence of the energy-momentum tensor of
electromagnetic field in a medium. For our consideration it is crucial that the Abraham
energy-momentum tensor can be represented on Γ in different forms (see preceding Section
V). We shall use the form of this tensor which is the most close, in construction, to the
Minkowski energy-momentum tensor. In the preceding Section this representation for the
Abraham tensor was denoted by T A2αβ (see Eq. (5.13)),
T A2αβ = T
M
αβ +
εµ− 1
4pi
uβΩα , (6.4)
where T Mαβ is the Minkowski energy-momentum tensor (4.4), Ωα is the Minkowski vector
(2.43), and uα is the 4-velocity of the medium (2.14). The right-hand-side of Eq. (6.4) is
not symmetric with respect to indices αβ, however it was shown in Sec. V that on Γ tensor
T A2αβ coincides with explicitly symmetric tensor T
A1
αβ (5.9) (see Eq. (5.12)).
Differentiation of Eq. (6.4) gives the ponderomotive force in the Abraham approach
fAα ≡ T
A2
αβ,β = f
M
α +
1
4pi
{(εµ− 1)Ωαuβ},β , (6.5)
where f Mα is the ponderomotive force in the Minkowski approach (4.26).
Thus it is required to calculate only the difference between ponderomotive forces in the
Abraham and Minkowski approaches
∆fα ≡ f
A
α − f
M
α =
1
4pi
{(εµ− 1)Ωαuβ},β . (6.6)
In the rest frame K ′ we have
∆f ′ =
1
4pic
∂
∂t′
{(εµ− 1)[E′H′]} , (6.7)
∆f ′4 = 0 . (6.8)
Upon taking into account the constitutive relations (2.10) in Eq. (6.3), we see that Eqs.
(6.7) and (6.3) coincide on Γ.
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The right-hand side of Eq. (6.6) is expressed in terms of two 3-dimensional vectors: the
medium velocity q = v/c and the vector W introduced in (4.23),
4pi∆f = (q∇)W+W divq +
1
c
W,t, (6.9)
4pi
i
∆f4 = (q∇)(qW) + (qW) divq +
1
c
(qW),t . (6.10)
Let us remind that the vector W is defined on Γ by Eq. (4.25) and does not depend explicitly
on the medium characteristics ε and µ.
Equations (6.6) and (6.9), (6.10) together with Eqs. (4.26), (4.27), and (4.28) provide a
complete solution of the problem about the calculation of the ponderomotive force in the
Abraham approach. In order to represent the covariant formulae (6.6) and (4.26) in terms
of the same variables it is sufficient to substitute the vector Nα in the form (4.22) into Eq.
(4.26). It is worth noting that Eqs. (6.5)–(6.10) are derived on the physical configuration
space Γ. It is this circumstance that enables us to obtain compact and convenient to analyse
formulae determining the ponderomotive forces in the Minkowski and Abraham approaches.
VII. CONCLUSION
In the general setting of the problem, the explicit compact formulae are derived for the
ponderomotive forces in the Minkowski approach (Eqs. (4.26)–(4.28)) and in the Abraham
approach (Eqs. (6.5)–(6.10)). Two principal points in calculation should be stressed: i)
the formulae are derived on the physical configuration space Γ, i.e., with allowance for the
the Minkowski constitutive relations; ii) a special representation for the Abraham energy-
momentum tensor (6.4) is used which is the most close, in construction, to the Minkowski
tensor. In deriving the ponderomotive forces the most general case is considered, namely,
nonhomogeneous nonstationary medium, the external electromagnetic field and medium
velocity can vary in space and with time.
The formulae obtained (see Eqs. (6.6)–(6.10)) give a simple expression for the difference of
the ponderomotive forces in the approaches under consideration. Thus we have derived the
generalization to the moving media of the known expression for the Abraham force known
for media at rest [13, § 75].
An interesting result obtained in this paper is also the derivation of the Lorentz force
which is exerted by external electromagnetic field on the conduction current in a medium.
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In deriving the formulae (4.31) and (4.32) for this force the covariant Ohm law and the
constitutive Minkowski relations were taken into account.
Appendix A: Ponderomotive forces in vacuum
The electric charges (with density ρ ) and currents (with density j ), placed in vacuum,
experience the Lorentz force
fµ =
1
c
Fµνjν (A1)
from electromagnetic field Fµν created by these charges and currents. In Eq. (A1) jν = (j, icρ)
and tensor Fµν is obtained from (2.5) by substituting Hk in place of Bk. All the charges
and currents we treat on the same footing without dividing them into those involved in the
system under consideration and external ones with respect to this system. In addition, we
digress from their self-action [8, sec. 42], [5, Chap. III].
Taking into account the Maxwell equations in vacuum
Fαβ,γ + Fβγ,α + Fγα,β = 0 , (A2)
Fαβ,β =
4pi
c
jα , (A3)
we can represent the Lorentz force (A1) as the 4-divergence of the energy-momentum tensor
of electromagnetic field in vacuum [14, 24]
fµ = Tµν, ν , (A4)
where
Tµν =
1
4pi
(
FµλFλν −
δµν
4
FλρFρλ
)
. (A5)
Let us prove this assertion. Substitution of (A5) into (A4) gives
4pifµ = (FµλFλν),ν −
1
4
(FλρFρλ),µ . (A6)
The first term on the right-hand side of (A6) we transform by making use of Maxwell’s
equations (A2) and (A3)
(FµλFλν),ν = FµλFλν,ν + Fµλ,νFλν
=
4pi
c
Fµλjλ +
1
2
(Fµλ,ν − Fµν,λ)Fλν
=
4pi
c
Fµλ,jλ −
1
2
Fλν,µFλν =
4pi
c
Fµλ,jλ +
1
4
(FλνFνλ),µ . (A7)
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Substitution of (A7) in (A6) results in the Lorentz formula (A1)
fµ = Tµν,ν =
1
c
Fµλjλ . (A8)
These equalities can be interpreted in the following way. Two expressions for the Lorentz
force presented in (A8) are equivalent with allowance for Maxwell’s equations (A2), (A3).
Let us write down the components of these expressions for the Lorentz force. To this end
it is convenient to use the standard notations for the individual components of the energy-
momentum tensor Tµν (A5):
Tµν =

 σij −ic g
− ic S
P w

 , (A9)
where
σij =
1
4pi
{
EiEj +HiHj −
δij
2
(EE+HH)
}
, (A10)
1
c
SP =
c
4pi
[EH] , cg =
1
c
SP , (A11)
w =
1
8pi
(EE+HH) . (A12)
Here SP is the Poynting vector (2.42).
On substituting (A9) in (A8), we get
f = σ − g˙ = ρE+
1
c
[jH] , (A13)
f4 = −
i
c
(divSP + w˙) =
i
c
(jE) , (A14)
where σ ≡ (σ1, σ2, σ3), σi = σik,k. For brevity the subscript vac is omitted in this Ap-
pendix.
The foregoing reasoning devoted to the derivation of Eq. (A8), proceeding from the
given form of the energy-momentum tensor (A5), can be inverted, namely, one can find the
energy-momentum tensor (A5), requiring the fulfilment of the second equality in Eq. (A8)
with allowance of the Maxwell equations. Let us prove this assertion. We replace in (A8)
the current jλ by making use of nonhomogeneous Maxwell’s equations (A3):
Tµν,ν =
1
c
Fµλ
c
4pi
Fλρ,ρ
=
1
4pi
(FµλFλρ),ρ −
1
4pi
Fµλ,ρFλρ . (A15)
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Further with the help of homogeneous Maxwell’s equations (A2) we can write
− Fµλ,ρFλρ = −
1
2
(Fµλ,ρ + Fρµ,λ)Fλρ =
1
2
Fλρ,µFλρ . (A16)
From (A13) and (A14) it follows
4piTµν,ν = (FµλFλν),ν −
1
4
(FλρFρλ),µ . (A17)
Obviously tensor Tµν in the form (A5) satisfies Eq. (A17).
Thus one can conclude that the expression for the Lorentz force (A1) and the explicit form
of the energy-momentum tensor of the electromagnetic field in vacuum (A5) (the Lorentz
theory of electrons) are equivalent in the meaning specified above.
In the macroscopic electrodynamics (in the theory of electromagnetic field in a medium)
the situation is essentially different. As was noted in Section III, it does not turn out
well to obtain the expression for the ponderomotive forces exerting on the medium (the
analogue of Eq. (A1)) proceeding from the Lorentz theory of electrons. The analogy with
the electromagnetic field in vacuum can provide only the definition of the ponderomotive
forces through the energy-momentum tensor (A4). This ensures the covariance of the defi-
nition and reduces the problem to looking for the macroscopic energy-momentum tensor of
electromagnetic field.
Appendix B: The explicit formula for vector W
In order to find the explicit expression for the vector W on Γ (see Eq. (4.23)) we take
advantage of the equality valid on Γ [15, p. 51, Eq. (119)]:
(εµ− 1)(uαΩβ − uβΩα) |Γ = FαγHγβ − FβγHγα|Γ . (B1)
First we prove this equality by the method different from that used in Ref. [15], namely, we
demonstrate that on Γ the right-hand side of (B1) transforms into the left-hand side of this
formula. To this end we employ the representations (4.16) and (4.17) for the tensors Fαβ
and Hαβ which are valid on Γ:
Fαβ = Eαβ + iµHαβ , Hαβ = εEαβ + iHαβ , (B2)
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where Eµν and Hµν are determined in (4.18). Substitution of (B2) into the right-hand side
of (B1) yields
FαγHγβ − FβγHγα|Γ = (Eαγ + iµHαγ)(εEγβ + iHγβ)− (α↔ β)
= εEαγEγβ − µHαγHγβ + iεµHαγEγβ + iEαγHγβ − (α↔ β) . (B3)
Two first terms in the right-hand side of (B3), which are symmetric with respect to indexes
α, β, are canceled with the analogous terms in the expression denoted by (α↔ β). Therefore
it needs to calculate explicitly only the product EαγHγβ. With the help of the definitions
(4.18), we obtain
EαγHγβ = (uαEγ − uγEα)εγβδρuδHρ
= uαεβγρδEγHρuδ = iuαΩβ , (B4)
where Ωβ is the Minkowski vector (2.43). Substitution of (B4) in (B3) gives
FαγHγβ − FβγHγα|Γ = −uαΩβ + uβΩα − εµuβΩα + εµuαΩβ
= (εµ− 1) (uαΩβ − uβΩα)|Γ . (B5)
Thus the equality (B1) is proved.
The components of the antisymmetric tensors in the left-hand side and in the right-hand
side of Eq. (B1) are determined by two 3-dimensional vectors (see notations introduced in
(2.5)–(2.7)). Therefore Eq. (B1) is equivalent to two 3-dimensional vector equalities. We
write down these equalities in an explicit form by making use of Eq. (2.14) and definition
(4.23).
When the pair of indexes αβ in Eq. (B1) takes the values 1 4, 2 4, 3 4 the following vector
equality arises here:
− i{W− q(qW)} = −i{[DB]− [EH]} (B6)
or in another form
W = [DB]− [EH] + q(qW) . (B7)
From Eq. (B7) it folows
(qW) = (q, [DB]− [EH]) + q2(qW) =
= γ2(q, [DB]− [EH]) . (B8)
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Finally we arrive at the result
W = [DB]− [EH] + γ2q(q, [DB]− [EH]) . (B9)
If in Eq. (B1) the pair of indexes αβ assumes the values 2 3, 3 1, 1 2, then we obtain
another vector equality
[qW] = [ED] + [HB] . (B10)
Substitution of (B9) into (B10) yields
[q, [DB]− [EH]] = [ED] + [HB] . (B11)
We stress once more that the obtained equations (B9)–(B11), as well as the initial equality
(B1), are valid only under fulfilment of the Minkowski relations, i.e., only on Γ.
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